We study a quasi-variational inequality system with unbounded solutions. It represents the Bellman equation associated with an optimal switching control problem with state constraints arising from production engineering. We show that the optimal cost is the unique viscosity solution of the system.
Introduction
In this paper we study a quasi-variational inequality system (QVI) arising from the application of dynamic programming methodology to an optimal switching control problem. Our central result is the characterization of the optimal cost function as the unique viscosity solution of QVI. This result follows from a discussion of the properties of the set of subsolutions and supersolutions of the system.
In our problem the optimal cost function U must verify special boundary conditions resulting from the state restrictions imposed to the state x ~ Q of the dynamical system. In a part of 8Q, U must tend to + ~, while in the remaining parts of 8Q a regular condition of the Dirichlet type holds. Both boundary conditions are an essential part of the definition of the viscosity solutions of QVI and of the proof of the uniqueness of the corresponding solution.
Since the function U is unbounded, the associated regularity results are only local. For the special dynamical system analyzed here, U is locally Lipschitzcontinuous, being the Lipschitz coefficient independent of the discount factor 4. This property plays a key role in the analysis of the ergodic case and in the establishment of convergence rates for the numerical solution of QVI [6], [7] .
In our case the behavior of VU appears explicitly only in the interior of Q, while in [9] the state restrictions impose conditions on the values of VU on 8Q. Let us also mention, among other related papers, that Capuzzo Dolcetta and Evans [3] studied the case where functions U are bounded and uniformly H61der-continuous defined in all 91m, that Capuzzo Dolcetta and Lions [4] analyzed problems with state restrictions and deterministic controls, while in I-8] the use of stochastic controls originates nonlinear elliptic second-order equations with highly singular boundary conditions.
The Control Problem

The Set Q of Admissible States
We denote the state of the system by y(t) = (yl(t), ..., yi(t), ..., y"(t) 
are the constraints on the state components. We use speciM sets F c 91m, definedthrough the use of the following notation:
(aa, ..., at ..... a") ~ A", A = {0, L 2}, D = {0, 1 .... , m}, 
at 2 =~ Yl = My
